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Abstract. We have performed a systematic study of the ground state for even-even 1,002
nuclei in which 28 octupole-deformed nuclei are found. The interplay between the spatial
deformation and the pairing correlation, plays important roles in nuclear structure. Our model
is based on the Skyrme Hartree-Fock plus BCS model represented in the three-dimensional
Cartesian coordinate space which can describe any kind of nuclear shape. The quadrupole and
octupole deformed nuclei appear in the mass region with characteristic neutron and proton
numbers which are consistent with previous studies. In our results, there appear only pear
shape (β30) in the octupole deformed nuclei. We investigate the potential energy surfaces as
functions of the octupole deformations (β3m; m = 0, 1, 2, 3), which tells us that.
220Rn has also
local minima in the β31 and β32 potential energy surfaces.
1. Introduction
Breaking of the rotational symmetry is spontaneously induced by the coupling between the
individual particle motions and the collective motion, which was pioneered by Bohr and
Mottelson [1]. Furthermore, the interplay between the spatial deformation and the pairing
correlation, which can be regarded as the deformation in the gauge space, plays important roles
in nuclear structure. The deformation is a fundamental element to determine spectroscopic
properties of nuclei. Systematic, non-empirical, and unrestricted studies of nuclear shape could
provide useful insights into the nuclear structure [2].
Such non-empirical approaches are also important for accurate evaluation of nuclear structure
data used in various fields of nuclear application. In the ImPACT Program of Council for
Science, Technology and Innovation, a project has been launched in order to investigate the
nuclear reaction paths for the transmutation of long lived fission products (LLFP) into stable
nuclei [3]. Because of difficulties in experimental measurement of their reactions, the theoretical
prediction will be necessary for simulation of the transmutation reactions in the bulk materials.
For instance, the single-particle wave functions and the density distributions obtained in the
present study can be used for many kinds of reaction studies, such as knock-out, elastic, and
total reaction cross sections [4, 5].
In this work, a systematic study for the ground states of even-even 1,002 nuclei, is performed
using the mean-field theory with a modern effective interaction. We use the three-dimensional
(3D) coordinate-space representation with the BCS approximation, which can describe any
shape such as non-axial octupole deformation. We explain briefly our models and discuss the
systematic results for quadrupole and octupole deformations.
2. Model
2.1. Skyrme Hartree-Fock plus BCS model
We employ the Hartree-Fock plus BCS (HF+BCS) model to investigate the ground state of nuclei
for the whole mass region with the Skyrme energy density functional of SkM∗ [6] parameter set
in this work. The single-particle wave functions which are obtained using the imaginary-time
method are corresponding to the canonical basis to diagonalize density matrix [7]. The employed
pairing functional Eτpair[κ
τ , κτ∗] is the constant monopole model same as in Ref.[2, 7]. The κτk
corresponds to the pair probability of each canonical-basis φk, which is the product of BCS
factors uk and vk.
Eτpair[κ
τ , κτ∗] = −
∑
k,l>0
Gτklκ
τ∗
k κ
τ
l , (1)
where Gτkl is the pairing strength depending on the single-particle energies εk, εl of canonical
basis φk, φl; Gkl = gf(εk)f(εl). The function f is the cut-off function for pairing interaction
f(ε) =
(
1 + exp
[
ε− ǫc
0.5
])1/2
θ(ec − ε), (2)
where cut-off energies ǫc = λ˜+ 5.0 MeV, ec = ǫc + 2.3 MeV, and λ˜ is an average energy of the
highest occupied and the lowest unoccupied HF single-particle states. In order to determine the
strength g, we follow a prescription of Ref.[8]. We solve the following particle-number and gap
equations in each imaginary-time step,
Nτ =
∫ ∞
−∞
dε
(ε− λ¯τ )2D¯τ (ε)√
(ε− λ¯τ )2 + f2(ε)∆¯2
, ∆¯ =
gτ
2
∆¯
∫ ∞
−∞
dε
f2(ε)D¯τ (ε)√
(ε− λ¯τ )2 + f2(ε)∆¯2
, (3)
where the value of ∆¯ is given by the empirical formula 12A−1/2 MeV. The D¯τ (ε) is a single-
particle level density in the Thomas-Fermi approximation,
D¯τ (ε) =
1
2π2
∫
dr
(
2m∗τ (r)
h¯2
)3/2
(ε− Vτ (r))1/2Θ(ε− Vτ ), (4)
where m∗τ (r) is the effective mass and Vτ means the central part of HF potential. Equations (3)
and (4) fix λ¯τ and gτ .
The many-body wave function is fully self-consistently obtained in the following iterative
procedure: 1) Occupied canonical states are constructed with the HF Hamiltonian h according
to the imaginary-time method. 2) Calculate unoccupied canonical states inside the pairing
model space using the imaginary-time method with h. 3) Solve the BCS equations to obtain
uk and vk. 4) Update the h with new uk and vk. 5) Back to 1) and repeat the procedure until
convergence.
2.2. Deformation parameters and constraints
The quadrupole and octupole deformation parameters (β2, γ, β3) are defined as follows: For the
quadrupole deformation parameters (β2, γ) are
β2 ≡ 5
4πAR2rms
√
Q220 +Q
2
22, γ ≡ arctan
[
Q22
Q20
]
, (5)
Q20 = 〈r2Y20〉, Q22 = 〈r2(Y22 + Y2−2)/
√
2〉,
where Rrms is the root mean square radius. For the octupole deformation parameter (β3) is
β3 ≡

 3∑
m=−3
α23m


1/2
, α3m ≡ 4π
5
√
3A
5
1
R3rms
∫
drr3X3m(Ω)ρ(r), (6)
X30 = Y30, X3m = (Y3−|m| + Y
∗
3−|m|)/
√
2, X3−m = −i(Y3|m| − Y ∗3|m|)/
√
2. (7)
The octupole component is discussed using the parameters β3m = (α
2
3m +α
2
3−m)
1/2. The z axis
is chosen so as to produce the smallest Q22 among the three principal axes.
To investigate the correlation in octupole deformation, the r3X3m are used as the constraints
operator for β3m. The constraints are added to the single-particle hamiltonian during the
imaginary-time steps, as the quadratic form (〈r3X3m〉 − q3m)2 where q3m is a constraining
expectation value corresponding to β3m [9].
2.3. Numerical details
In the 3D space, the single-particle wave function is expressed as φ(x, y, z, σ) = 〈x, y, z, σ|φ〉 with
σ = ±1/2. The space is discretized in a cubic mesh ∆x = ∆y = ∆z in a sphere with a radius
R. The mesh size ∆x and the radius R are changed according to atomic number, as follows; for
Z = 6 − 18,∆x = 0.8 fm with R = 12 fm, for Z = 20 − 80, ∆x = 1.0 fm with R = 15 fm, and
for Z = 82− 92, ∆x = 1.0 fm with R = 20 fm. For the numerical differentiation, the nine-point
formula is applied. The absolute binding energies may suffer from numerical error of a few MeV,
while they provide enough accuracy for the relative energies and deformation properties.
3. Results
We calculate even-even nuclei which are in the mass region with Z = 6−92 and between N = Z
and neutron number around N = 2Z. When the nucleus has a positive chemical potential in
either neutron or proton, it is excluded from the following charts of nuclear deformation in Fig.1
and 2. All the quadrupole (β2, γ) and octupole deformations (β3m : m = 0, 1, 2, 3) are calculated.
3.1. Quadrupole deformed nuclei
Figure 1 shows the absolute value of quadrupole deformation parameter β2 in color map for
the whole nuclear chart. Open symbols represent stable nuclei. Blue symbols nuclear spherical
nuclei with β2 < 0.05. There is a clear correlation with spherical magic numbers. The deformed
nuclei appear in open-shell configurations. The distribution of quadrupole deformed nuclei
is consistent with the previous systematic study [10], although there are differences in detail
because the different pairing functional is used in this work.
Taking “prolate”, “oblate” and “triaxial” nuclei as the those with β2 ≥ 0.05 with γ < 1.5◦,
58.5◦ ≤ γ ≤ 60◦ and 1.5◦ ≤ γ < 58.5◦ , respectively, 54% of even-even nuclei are quadrupole
deformed. Among them, the ratios of prolate, oblate, and triaxial nuclei are 70%, 12%, and
18%, respectively.
3.2. Octupole deformed nuclei
Figure 2 shows the absolute values of β3 for nuclei with finite octupole deformation in their
ground states. About 30 even-even nuclei appear in the nuclear chart which are located in the
region of 84 < N < 88 with 54 < Z < 70, and 130 < N < 136 with 84 < Z < 92. These regions
are consistent with those in the previous studies [11], and indicate that the correlation among
single-particle states with ∆l = 3 induces spontaneous breaking of the rotational and parity
symmetries. Although our model allows any nuclear deformation including β3m : m = 1, 2, 3, we
have found only the axial octupole deformation of the pear shape (β30 > 0.000).
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Figure 1. (Color online) Absolute value of quadrupole deformation parameter β2 calculated
with SkM∗ parameter set. The red (blue) color means that nucleus has a well quadrupole-
deformed (spherical) shape. See text for details.
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Figure 2. (Color online) Same as Fig.2, but for the absolute value of octupole deformation
parameter β3.
In Table 1, we show calculated deformation parameters (β3, β2, γ) for octupole deformed
nuclei with β3 6= 0. They are qualitatively consistent with experimental data and the former
works, though there are some differences. For instance, the experimental data for 220Rn and
224Ra [13] suggest that both β2 and β3 are larger in
224Ra than in 220Rn, which is consistent with
our results. The deformation parameters obtained in a phenomenological analysis of Ref.[14]
are also consistent with our results for 224Ra. However, for 226Ra and 224,226Th, our calculation
predicts the ground states with no octupole deformation. This is different from the result of
Ref.[14]. The number of octupole deformed nuclei in our work is smaller than the previous study
with the macroscopic-microscopic approach [12]. This may be due to the presence of effective
mass and the difference in pairing interaction. Actually, the number of quadrupole deformed
nuclei is also smaller than Ref. [10]. We understand that the pairing energy functional in the
present study is slightly stronger than the former works. The strength of the pairing seems to
be a key element for the octupole instability. A chart of nuclear deformation of both quadrupole
and octupole shapes will give important information for the shell structure and the pairing
correlations. A further analysis is under progress.
Table 1. Octupole and quadrupole deformation parameters (β3, β2, γ) for octupole deformed
nuclei in this work.
β3 β2 γ
142Xe 0.061 0.12 0◦
144Xe 0.086 0.17 0◦
144Ba 0.110 0.16 0◦
146Ba 0.124 0.20 0◦
144Ce 0.076 0.12 0◦
146Ce 0.115 0.17 0◦
150Sm 0.075 0.20 0◦
150Gd 0.056 0.10 0◦
196Dy 0.078 0.07 0◦
198Dy 0.117 0.08 0◦
200Er 0.112 0.08 0◦
202Er 0.129 0.07 0◦
204Er 0.161 0.11 0◦
200Yb 0.043 0.05 0◦
β3 β2 γ
202Yb 0.100 0.07 0◦
204Yb 0.120 0.06 0◦
216Pb 0.066 0.01 −
218Pb 0.088 0.01 −
220Pb 0.004 0.00 −
220Rn 0.160 0.13 0◦
222Rn 0.159 0.15 0◦
222Ra 0.170 0.16 0◦
224Ra 0.168 0.18 0◦
220Th 0.136 0.12 0◦
222Th 0.161 0.14 0◦
220U 0.112 0.10 0◦
224U 0.165 0.16 0◦
226U 0.183 0.18 0◦
3.3. Octupole correlations
To investigate the potential energy surface as a function of octupole deformation, the constrained
HF+BCS calculations were performed. Figure 3 shows the potential energy surface of 144Ba with
respect to the octupole deformation parameters. An experiment signature for the octupole
deformation of 144Ba has been recently measured [15]. The circle, square, triangle and
cross symbols correspond to the results calculated with using the octupole constraints for
β3m : m = 0, 1, 2, 3, respectively. To calculate these potential surfaces, we combine the constraint
on β3m 6= 0 together with β3m′ = 0 (m′ 6= m). The minimum at β3 6= 0 appears in the β30
potential energy surface, although the correlation energy is not so large (∼200 keV). In the other
modes of octupole deformations, the lowest energy corresponds to β3m = 0, the local minimum
does not appear in this work.
Figure 4 shows the potential energy surface same as Fig.3 but for the actinide nucleus 220Rn
which has been experimentally studied recently [13]. 220Rn also has the minimum at β30 6= 0
whose correlation energy (∼1.5 MeV) is larger than 144Ba. In contrast to the rare-earth nucleus
144Ba, 220Rn shows local minima in the potential energy curves of β31 and β32. Since the
correlation energies of these local minima are relatively small (order of a few hundreds of keV),
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 1.6
 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16
E
-E
β 3=
 0
.0
 [
M
e
V
]
β3m
144
Ba β30144
Ba β31144
Ba β32144
Ba β33
Figure 3. (Color online) Potential energy as a function of the octupole deformation parameters
β3m : m = 0, 1, 2, 3, for
144Ba.
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Figure 4. (Color online) Same as Fig.3, but for 220Rn.
it is not trivial whether the state with non-axial octupole deformation exists as excited states
in 220Rn. To answer this question, the calculation beyond the mean-field theory is necessary,
which is beyond the scope of the present study.
4. Summary and Conclusion
We investigate the ground states of even-even 1,002 nuclei using the self-consistent Skyrme
HF+BCS model represented in the 3D coordinate space. The model can describe any nuclear
deformation. The systematic investigation shows the distributions of quadrupole and octupole
deformed nuclei in the nuclear chart. The location of quadrupole deformed nuclei is consistent
with the previous study and the prolate dominance is observed at the level of 70%. There
are 28 nuclei which have octupole deformation in their ground state. The octupole deformed
nuclei are located in the region with special nucleon numbers: N = 84 − 88, 130 − 136 and
Z = 54 − 70, 84 − 92 which are also consistent with the previous study. The potential energy
surface of the octupole deformed nuclei (144Ba and 220Rn) with respect to the β3m : m = 0, 1, 2, 3
are investigated using the constraint HF+BCS method. The magnitude of octupole correlation
energy is much larger in 220Rn than in 144Ba. Remarkably 220Rn has also local minima in the
β31 and β32 potential surface.
The octupole deformed nuclei are realized by a competing correlations between the shell
structure and the pairing correlation. While the chart of the quadrupole deformation is relatively
robust, the octupole deformation is very sensitive to details of the shell structure. Experimental
information on the octupole correlations could be used to restrict the energy density functionals,
especially on the spacing between single-particle levels with ∆l = 3.
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